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DETERMINATION OF STATISTICS FOR ANY ROTATION OF AXES 

OF A BIVARIATE NORMAL ELLIPTICAL DISTRIBUTION 

SUMMARY 

A method i s  presented f o r  t he  de te rmina t ion  of the  es t imates  of 
means, va r i ances ,  covar iances ,  and c o r r e l a t i o n s  f o r  any r o t a t i o n  of axes 
of a  b i v a r i a t e  normal e l l i p t i c a l  d i s t r i b u t i o n .  This problem a r i s e s  i n  
connect ion wi th  v e h i c l e  launches a t  Cape Kennedy, F lo r ida ,  when winds 
normal and p a r a l l e l  t o  the  veh ic l e  f l i g h t  pa th  a r e  launch c o n s t r a i n t s .  
A vec tor  wind d a t a  sample is  reso lved  i n t o  wind components i n  a rectangu- 
l a r  coord ina te  system, and the  b i v a r i a t e  normal e l l i p t i c a l  d i s t r i b u t i o n  
theory i s  appl ied  t o  the  d a t a  sample of component winds. However, 
t h e o r e t i c a l  in ferences  a r e  requi red  f o r  any a r b i t r a r y  f i r i n g  azimuth of 
t he  launch veh ic l e .  This r equ i r e s  a  r o t a t i o n  of axes of the  b i v a r i a t e  
normal s u r f a c e  and the  computation of new s t a t i s t i c s  a f t e r  r o t a t i o n ,  

I. INTRODUCTION 

I n  1846, Bravais [I] presented the  theory  of normal frequency dis- 
t r i b u t i o n s  i n  two and more v a r i a b l e s .  Most modern s t a t i s t i c a l  textbooks 
inc lude  some d i scuss ion  of such d i s t r i b u t i o n s .  Outstanding con t r ibu t ions  
a r e  no tab le  i n  t he  works of Bertrand [ 2 ] ,  Czuber [ 3 ] ,  Pearson [ 4 ] ,  
Kluyver 151, and Student  161. 

Fur ther  developments and some p r a c t i c a l  a p p l i c a t i o n s  of these  d i s -  
t r i b u t i o n s  w i t h  p a r t i c u l a r  regard t o  geophysical  problems a r e  presented 
by Crutcher  and Baer [ 7 ] ,  Crutcher and Moses [81, and Groenewoud, Hoaglin, 
V i t a l i s ,  and Crutcher [ 9 ] .  Anderson [ l o ]  and Hald [ l l ]  t r e a t  t he  subject 
i n  genera l  form. This r e p o r t  p re sen t s  a  method f o r  t he  de te rmina t ion  of 
t he  es t imates  of means, va r i ances ,  covar iances ,  and c o r r e l a t i o n s  f o r  any 
r o t a t i o n  of axes of a  b i v a r i a t e  normal e l l i p t i c a l  d i s t r i b u t i o n ,  Although 
t he  procedure can be extended t o  the  case  f o r  more than two v a r i a b l e s ,  
t h i s  c a s e  is  no t  discussed here ,  

This problem a r i s e s  i n  t he  determina.tion of p r o b a b i l i t i e s  of success-  
f u l  launches a t  Cape Kennedy, F lo r ida .  For example, winds exceeding some 
given va lue  normal and p a r a l l e l  t o  t he  f l i g h t  pa th  may be defined as 
launch c o n s t r a i n t s .  Those winds normal t o  the  f l i g h t  pa th  a r e  designated 
a s  r i g h t  and l e f t  c ros s  winds, while  those  p a r a l l e l  t o  the  f l i g h t  pa th  



a r e  called head and t a i l  winds. A vec to r  wind d a t a  sample i s  reso lved  
i n t o  wind components i n  a  r ec t angu la r  coord ina te  system and the b i v a r i a t e  
normal e l l i p t i c a l  d i s t r i b u t i o n  theory is appl ied  t o  the d a t a  sample of 
component winds. However, t h e o r e t i c a l  in ferences  a r e  requi red  f o r  any 
a r b i t r a r y  f i r i n g  azimuth of the  launch veh ic l e .  Making such inferences  
requires a  r o t a t i o n  of t he  axes of the  b i v a r i a t e  normal s u r f a c e  and the  
computation of new s t a t i s t i c s  a f t e r  r o t a t i o n .  

II. THE BIVARIATE NORMAL ELLIPTICAL DISTRIBUTION 

Let  X r  and x2 be normally d i s t r i b u t e d  v a r i a b l e s  w i t h  parameters 
pol) and (529a2) .  51 and 52 a r e  t he  r e s p e c t i v e  means, 
le op and a2 a r e  t he  r e s p e c t i v e  s tandard  dev ia t ions .  Le t  p be the  

correlation c o e f f i c i e n t ,  which i s  a  measure of t he  dependence between 
xi and x2, Now, the  equat ion  of the  two-dimensional normal d e n s i t y  
fuac t ion takes t he  form 

Given t he  v a r i a b l e s  xl and x2, we c a l c u l a t e  t he  e s t ima te s  of t he  
b i v a r i a t s  normal parameters.  Denote t h e  es t imates  a s  El, Z2, Sxl, Sx2, 
and rXlX,, A s p e c i a l  ca se  of t he  problem described here  i s  t o  
determine t he  es t imates  of t he  parameters where a  r o t a t i o n  of t h e  axes 
through an  angle  a reduces the  c o r r e l a t i o n  of components t o  zero. This 
case is  discussed i n  Crutcher and Baer [ 7 ] ,  and Groenewoud, Koaglin, 
Vitalis, and Crutcher [ 9 ] ,  From the  s t a t i s t i c s  i n  t h e  (x1,x2) space,  
we must determine the  s t a t i s t i c s  f o r  any r o t a t i o n  of t he  axes through 
an a r b i t r a r y  angle  a i n  t h e  fol lowing way. 

L e t  (yl,y2) be the  new space a f t e r  r o t a t i o n  wi th  or thogonal  axes 
Yl and Y2. 

Y1 = X1 cos a + X2 s i n  a 

Y2 = X2 cos a - Xi s i n  a, 



where a i s  t h e  angle  of r o t a t i o n ,  and xl and x2 a r e  t he  o r i g i n a l  axes 
along which the  values of X1 and x2 a r e  measured. Denote t h e  sample 
var iances  of (xl,x2) as  s2 and s2 r e s p e c t i v e l y .  The covariance sf 
( ~ 1 3 ~ 2 )  is X1 x2' 

S = r S S .  
X l X 2  x1x2 x 1  x2 

For t he  s p e c i a l  c a s e  when S o r  r i s  equal  t o  zero ,  the  var iance-  
x1x2 x1x2 

covar iance  ma t r ix  i s  

S e t t i n g  the  determinant  of t h i s  ma t r ix  equal  t o  zero  and so lv ing  
f o r  t he  two r o o t s  of t he  quadra t i c  equat ion is e s s e n t i a l l y  the  rotation 
of axes through an angle  a t o  where components along the  new axes are 
uncorre la ted .  Thus, the  r o o t s  Al and h2 a r e  the  var iances  along the 
major and minor axes,  r e s p e c t i v e l y ,  of t he  b i v a r i a t e  d i s t r i b u t i o n  and 
the  covariances ( c o r r e l a t i o n s )  a r e  zero. From these  d a t a ,  var iances  
and covariances ( c o r r e l a t i o n s )  a long any s e t  of new axes can be deter- 
mined by r o t a t i n g  the  axes from t h i s  b a s i c  pos i t i on .  Then the ma t r i x  
w i l l  be 



w h e r e  the new space i s  (y1,y2) and yl and y2 a r e  t he  axes.  

The s t a t i s t i c s  i n  t he  (y,, y2) space may be derived a s  fol lows:  Let 
$I, Y 2 )  S~ , s2 9 S be the  means, va r i ances ,  covariance,  and 

~1 y2 ~ 1 ~ 2 '  '~1~2 
correlation c o e f f i c i e n t  i n  the  (yl,y2) space. Taking mathematical 
expectations of equat ions (1) and (2), we have f o r  t he  new means 

;i, = ii, cos a + Z2 s i n  a 

- - - 
y2 = x2 cos a - X, s i n  a. 

Subt rac t ing  equat ion  (3)  from equat ion  ( I ) ,  we have 

- - - 
$V1 - 'Y1) = (X1 - X1) cos a + (X2 - X2) s i n  a, 

and s ~ h t r a c t i n g  equat ion (4) from equat ion  (2), we have 

- 
( Y ~  - k2> = (x2 - k2) cos a - (x, - x,) s i n  a. 

Let 

b e  the dev ia t ions  from the  r e s p e c t i v e  means. Now, equat ions (5) and 
(63 become 



yl = xl cos a + x2 s i n  a 

y2 = x2 cos a - xl s i n  a. 

Squaring equat ions (7) and (8) g ives  

2 2 2 2 
yl = xl cos a + x2 s i n 2 a  + 2x1x2 cos a s i n  a (9 1 

2 2 2 y2 = x2 C O S ~ ~  + x1 s i n 2 a  - 2x1x2 cos a s i n  a. 1181 

Now, tak ing  expected values of equat ions (9)  and ( l o ) ,  we have 
f o r  the new var iances  i n  the  (yl, y2) space 

S" = s2 cos2a  + s2 s i n 2 a  + 2s cos a s i n  a 1[11) 
Y 1  X l  x2 x1x2 

and 

To d e r i v e  the  covar iance ,  SYlY2, i n  t he  (yl,y2) space ,  we m u l t i p l y  
equat ion  (7) by equat ion (8) and o b t a i n  

2 2 yly2 = x,x2(cos2a - s in2a )  + cos a s i n  a (x2  - xl) .  (1 3 )  

Taking the  mathematical expec ta t ion  of equat ion (13) g ives  the  
covariance i n  t h e  (yl, y2) space 

S = S (cos2a - s in2a) + cos a s i n  a ( s 2  - 2 

Y l Y 2  X l X 2  X 2  SXl)e ( 1 4 )  

F i n a l l y ,  t he  c o r r e l a t i o n  c o e f f i c i e n t  i n  the  (yl, yZ) space i s  d e f i n e d  
as  



Equa t ions  ( 3 ) ,  (4 ) ,  ( l l ) ,  ( 1 2 ) ,  (14) ,  and (15) g i v e  t h e  r e q u i r e d  
e s t i m a t e s  of t h e  s t a t i s t i c s  i n  t h e  (y1,y2) s p a c e .  

A computer program whose i n p u t  i s  t h e  s t a t i s t i c s  i n  t h e  (xl,x2) 
space and  any a r b i t r a r y  a n g l e  of r o t a t i o n  of  t h e  b i v a r i a t e  normal s u r -  
f a~ce  i s  a v a i l a b l e  upon r e q u e s t .  The o u t p u t  of  t h e  program i n c l u d e s  
t h e  r e q u i r e d  s t a t i s t i c s  i n  t h e  (y1,y2) s p a c e .  
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